Holographic QCD is an extra-dimensional approach to modeling hadrons, the bound states of the strong interactions. In holographic models, the extra spatial dimension creates a waveguide for fields, and the discrete towers of modes propagating in that waveguide are interpreted as hadronic resonances. These models are motivated by the AdS/CFT correspondence, which is a duality that relates theories in different numbers of spatial dimensions. Holographic models have the potential to provide a better understanding of strongly interacting systems of quarks and gluons, as well as unconventional superconductors and other nonperturbative systems.
I. INTRODUCTION
In March 1984, the cover of National Geographic magazine featured a holographic image of an eagle [1] . This was the first time that a hologram was mass-circulated in a major publication, and the magazine helped to develop a widespread enthusiasm for holography, a technology which was already two decades old at that time [2] . The hologram gives the illusion of a three-dimensional image from a two-dimensional surface, created by diffraction of light from the surface. However, closer inspection of a holographic image reveals that details of the higher-dimensional object are lost, and the hologram reproduces only an approximation of the image of the original object.
It would be wonderful if a perfect reproduction of a higher-dimensional object could be created from information stored in a lower-dimensional one, but intuition demands that lower-dimensional systems do not have enough degrees of freedom to completely describe higher-dimensional systems. Yet, string theorists have discovered that something analogous to a perfect holographic reproduction is, in fact, possible: physical theories in different numbers of spatial dimensions can contain identical information, so that calculations of observables in a lower-dimensional version of the theory may be translated into calculations in the higher-dimensional version of the theory, and vice versa. Situations in which there is more than one way to describe the same physics are called dualities, and if the different descriptions are also in different numbers of spatial dimensions then they are called holographic dualities.
The first example of a holographic duality was discovered by Juan Maldacena in 1997 [3] in the context of string theory, and that discovery created a new field of research which has received constant attention from the string theory community in the over decade and a half since. Maldacena's conjectured duality, known as the Anti-de Sitter/Conformal Field Theory (AdS/CFT) correspondence, was formal in its nature and does not appear to be directly related to the real world. However, many additional examples of holographic dualities are now known, some of which bear intriguing similarities to real-world physical systems. A remarkable feature of holographic dualities is that in many cases one description of the physics is strongly coupled, while the other description is weakly coupled and amenable to perturbative analysis of observables. As a result, the existence of holographic dualities has motivated a novel way to model complex nonperturbative physical systems, including the strong nuclear interactions [4] [5] [6] [7] [8] [9] , technicolor-like models of electroweak symmetry breaking [10] , unconventional superconductors [11] and other condensed matter systems [12] . This brief review for nonspecialists will focus on the application to the strong interactions.
II. THE STRONG INTERACTIONS AND QCD
The strong interactions are described in the Standard Model by a quantum field theory known as quantum chromodynamics (QCD). The strong interactions are responsible for binding quarks into protons, neutrons, and other hadrons. They are responsible for the existence of bound nuclei inside atoms and for trapping the energy which is released during the fission reactions that power some cities. Without the strong interactions there could be no atoms, and the universe would be flooded with fractionally charged quarks. The strong interactions are an integral part of the Standard Model of particle physics, yet it is notoriously difficult to make precise predictions about observables that are sensitive to the strong interactions, such as the masses and decay rates of the hadrons.
One basic difficulty is that the theory of the strong interactions, Quantum Chromodynamics (QCD), does not contain a small dimensionless quantity that would allow for perturbative calculation of low-energy observables. In contrast, the quantum theory of electromagnetism, Quantum Electrodynamics (QED), contains a small parameter which determines the relative size of subsequent terms in perturbative calculations, namely the low-energy fine structure constant α ≈ 1/137. The small magnitude of α is what makes precise perturbative calculations of electromagnetic observables like the spectrum of the hydrogen atom and the cross section for Compton scattering feasible. Typical courses on quantum field theory include a perturbative calculation of the gyromagnetic ratio of the electron (the ratio of the electron's magnetic moment to its spin angular momentum), sometimes as a homework assignment, to six significant figures. On the other hand, perturbative calculations of low-energy hadronic observables from QCD are not possible, so one of two approaches is used to proceed. By using clever computational techniques on high-powered computer clusters, lattice QCD simulations are able to determine certain hadronic observables (e.g. light hadron masses [13] )
by defining QCD on a lattice of spacetime points, and then extrapolating to a continuum limit. The alternative approach is to model the strong interactions based on some of its important features, such as its exact and approximate symmetries, supplemented with bits of experimental data which then allow for estimates of additional observables. For example, chiral perturbation theory makes use of a symmetry that QCD would have if the up and down quarks were massless in order to model phenomena involving bound states of those quarks.
The comparison of Quantum Chromodynamics and Quantum Electrodynamics is instructive, as the fundamental descriptions of the two theories are in some ways quite similar.
Both Quantum Chromodynamics and Quantum Electrodynamics are quantum field theories, which describe particles and their interactions in terms of dynamical fluctuations of fields. As opposed to one type of photon which is responsible for the electromagnetic interaction, there are eight types, called colors, of gluons responsible for the strong interactions.
Each flavor of quark (up, down, strange, etc.) comes in three colors, or more generally in superpositions of the three colors. Other than by analogy, the term "color" when referred to quarks and gluons is a label that is not related to the wavelength of light or to any other optical characteristic. Color in this context is a separate degree of freedom related to the strong interactions, not electromagnetism.
The relativistic description of electromagnetism is described in terms of a four-vector field A µ (x), µ ∈ {0, 1, 2, 3}, which satisfies Maxwell's equations,
where the Levi-Civita tensor ǫ µνλσ is completely antisymmetric in exchange of its indices and ǫ 0123 = 1; J ν is the electromagnetic current; and the field strength tensor is given by
In special relativity, the distinction between tensors with upper and lower indices depends on the Minkowski metric η µν , which is diagonal with η 00 = 1 and
where the Kronecker delta δ ij = 1 if i = j and δ ij = 0 otherwise. The components of η µν are the same as those of η µν . Indices are raised and lowered with the Minkowski metric, so for example, F µν = η µα η νβ F αβ , where a sum over repeated Lorentz indices is always assumed.
The half of Maxwell's equations given by Eq. (2.1) follow from a Lagrangian density,
In QCD all of this is the same, except that A µ is replaced by the gluon fields A a µ , a ∈ {1, . . . , 8}, and J µ is replaced by the color current J a µ :
The gluon field strength tensor differs from the electromagnetic field strength tensor in an important way: due to the non-Abelian gauge invariance of QCD the field strength tensor is nonlinear in the gluon fields A a µ . In particular,
where f abc are a set of numbers known as the structure constants of the group SU(3), and g s is the coupling constant of the strong interactions, analogous to e in electromagnetism.
In addition to the Lagrangian in Eq. (2.5) there are kinetic terms for the quark fields, just as there are kinetic terms for electrons in QED, but the interactions are governed by the Lagrangians above.
The historical development of QCD contains many surprising discoveries, both experimental and theoretical. As a result of a Nobel Prize-worthy minus sign which leads to an anti-screening effect in QCD [14] , the strong interactions behave quite differently than electromagnetism. The eight gluons responsible for the strong interactions couple to matter differently than eight copies of the photon would, and due to the term in Eq. So, the reason we do not regularly experience the strong interactions as we do electromagnetism and gravity is that the gluons, although they are massless, do not escape the confines of nuclear-sized bound-state hadrons. Incidentally, a rigorous mathematical proof of the confining property, and even the mathematical consistency, of QCD is still lacking, and is one of the Millenium Prize Problems posed by the Clay Mathematics Institute in 2000 [15] .
The hadrons are messy objects when probed at short distances where the strong interactions are relevant, but at longer distances are characterized by only a few quantum numbers.
Hadrons are specified by their mass, spin, electric charge, and transformation properties under a few discrete and approximate symmetries, such as charge conjugation, parity, and isospin. Typically, for every hadron with a particular set of quantum numbers, there are others that are identical except for their masses and decay rates. These hadronic resonances form towers of states known as radial excitations. For example, the rho meson ρ(770) has spin 1, is an isospin triplet, is odd under both parity and charge conjugation, and has a mass of around 776 MeV/c 2 [16] . The ρ(1450) appears to be identical, except that it has a mass of around 1450 MeV/c 2 . Similarly for the ρ(1700), the (tentatively identified) ρ(1900), and the ρ(2150). Other resonances follow a similar pattern, but with different masses and higher spin. Holographic QCD reproduces qualitative, and with limited but surprising accuracy also quantitative, features of the bound states of light quarks in QCD. In order to understand the extent to which we might expect a higher-dimensional model to accurately describe lower-dimensional physics we need to understand the reason that holographic dualities like the AdS/CFT correspondence are possible.
III. BLACK HOLES AND HOLOGRAPHY
In known holographic dualities, the higher-dimensional version of the theory always contains gravity, and the failure of the intuition that fewer dimensions implies fewer degrees of freedom is related to some unusual properties of black holes in general relativity. A black hole is a spacetime with a horizon that separates causally distinct regions of the spacetime.
The Schwarzschild black hole is such a spacetime that arises as a solution to Einstein's equations in vacuum, i.e. with no matter. Classically, an observer inside the horizon of the Schwarzschild black hole cannot communicate with an observer outside the horizon. (Quantum mechanically, the situation is less clear [17] .) The size of the horizon is given by the Schwarzschild radius, R S , which depends on the black hole mass M via
where G is Newton's gravitational constant and c is the speed of light. The area of the black hole horizon is defined as A H = 4πR 2 S . The seminal work of Bardeen, Carter, Bekenstein, and Hawking in the 1970s [18] demonstrated that black holes have a thermodynamic description, but as such black holes are quite unusual. Hawking discovered that quantum fields in the background of a black hole radiate with a temperature dependent on the mass of the black hole [19] . The temperature of Hawking radiation, T H , varies with the mass M as [17] ,
If the energy of the black hole is E = Mc 2 , the temperature is T H and the entropy is S, then from the first law of thermodynamics,
Integrating, with the condition that the entropy vanishes if M = 0, gives
Entropy is a measure of the number of ways that a system can be reconfigured while not changing its macroscopic features. The maximum entropy of a system is related to the number of degrees of freedom of the system. Under normal circumstances entropy is an extensive quantity: the entropy of a combination of two independent subsystems is the sum of the entropies of those subsystems. As a result, entropy typically varies with the volume of a system. In the presence of a black hole, Eq. (3.4) implies that entropy is not an extensive quantity: entropy does not vary as a volume, but rather as an area. In 1993, based on this observation, Gerard 't Hooft [20] suggested that in any quantum mechanical system with gravity, physics is fundamentally described by degrees of freedom in one spatial dimension fewer than in the absence of gravity. Leonard Susskind formalized this holographic principle and suggested how it might be implemented [21] . The AdS/CFT correspondence is an explicit realization of the holographic principle and is the motivation for holographic QCD.
IV. HOLOGRAPHIC QCD
One of the earliest quantitative comparisons of a model based on the AdS/CFT correspondence to QCD was the work of Csáki, Ooguri, Oz and Terning in 1998 [22] , which considered the spectrum of scalar bound states of gluons known as glueballs. Like other hadronic states, the glueballs have a spectrum of massive resonances, and Ref. [22] compared AdS/CFT predictions for the spectrum of some of these states to estimates from lattice QCD.
The existence of towers of hadronic states with identical quantum numbers but different masses is reminiscent of the situation in quantum-mechanical systems with bound states. , have wavefunctions
where the wavevector components k 1 , k 2 and k 3 can take any values, but due to the boundary conditions, which we will assume for now are ψ(z = 0) = 0 and ψ(z = L) = 0, the allowed states will be superspositions for which the wavevector component k z only takes discrete values labeled by an integer n,
The corresponding momenta are
The energy eigenstates which satisfy the hard-wall boundary conditions are actually superpositions of momentum eigenstates with z-component ±p zn , just as for the nonrelativistic quantum-mechanical particle-in-a-box. If the rest mass of the extra-dimensional rho meson is m 0 , then in a relativistic theory this momentum would contribute to the energy of the rho meson via the relation,
The terms on the right-hand-side of Eq. (4.4) have been collected in a suggestive fashion.
From the perspective of the physicist who insists that physics be described in terms of a four-dimensional spacetime, the extra-dimensional rho meson is replaced with a tower of rho mesons with different masses labeled by the integer n, via
These modes are often referred to as Kaluza-Klein modes, and the analysis above is the basis of modern Kaluza-Klein theories: if fields (or particles) propagate in one or more compact extra dimensions, then from a lower-dimensional perspective each field becomes a tower of fields (or particles) with otherwise identical quantum numbers, but different masses. In general, the extra-dimensional spacetime may be described by a less trivial geometry, in which case the spectrum would differ from the particle-in-a-box spectrum above.
This brings us back to holography and QCD. We are motivated to consider the possibility that rho mesons, and other hadrons, might be modeled as Kaluza-Klein modes of particles that propagate in an extra dimension with an appropriate spacetime geometry. Such a model would be holographic in the sense that it relates QCD in 3+1 spacetime dimensions to an alternative description in more spacetime dimensions. We will be using the holographic analogy in reverse: the higher-dimensional description will be used to study the properties of the lower-dimensional system. The reasoning that led to the early conjectures of holographic dualities relied on the properties of gravity, so if there is a precise sense in which QCD is dual to a higher-dimensional theory, we should expect the higher-dimensional picture to include gravity. Conveniently, gravity is described by a spin-two field in general relativity, and in QCD there are spin-2 bound states called tensor mesons, which would be described by the higher-dimensional gravitons via this type of duality. By assuming a specific extradimensional spacetime background the spectrum of tensor meson masses may be predicted, as was done in Ref. [23] .
The rho meson is a spin-1 particle, which is the type of particle that arises from a vector field like the electromagnetic field. (A massive photon would have helicity ± or 0.)
The "AdS" in the AdS/CFT correspondence stands for anti-de Sitter space. This is the maximally symmetric spacetime with constant negative curvature. In string theory it arises as the description of a region of space around a stack of a large number of D-branes, which are dynamical manifolds on which open strings can end [25, 26] . Anti-de Sitter space also arises as a solution to Einstein's equations in the presence of a negative cosmological constant but in the absence of any kind of matter. For comparison, the accelerated expansion of the universe might be due to a positive cosmological constant, which in the absence of matter would generate another maximally symmetric spacetime known as de Sitter space.
Motivated by the AdS/CFT correspondence, phenomenological bottom-up models of holographic QCD typically assume that the extra-dimensional fields propagate in a portion of anti-de Sitter space. In addition to simplicity, there is some phenomenological motivation for this choice. At high energies, QCD is asymptotically free and effectively has no dimensionful scale governing interactions. This scale invariance is a property of conformal field theories (CFT), which is the "CFT" in the AdS/CFT correspondence. Furthermore, it has been suggested that QCD is conformal also at very low energies [24] , so the AdS geometry seems like an appropriate starting point for model-building purposes.
In Cartesian coordinates, infinitesimal lengths in d-dimensional Euclidean space satisfy the Pythagorean theorem:
Lengths are invariant under rotations of the coordinates in Euclidean geometry. Similarly, the infinitessimal interval in Special Relativity,
is invariant under Lorentz transformations. The similarity between this notion of an invariant in Special Relativity and the invariant length of Euclidean geometry led Poincaré and Minkowski [27] to propose a geometric interpretation of spacetime, which was later generalized by Einstein [28] in his geometric theory of gravitation, general relativity. In a non-Euclidean geometry there is no coordinate system in which infinitesimal lengths satisfy the Pythagorean theorem, or in the case of spacetime Eq. (4.7). A generic spacetime may be specified by the metric g M N , such that the Pythagorean theorem is replaced by Rather than consider the particle-like momentum and energy of Kaluza-Klein modes that might be interpreted as rho mesons, we may instead consider a wavelike description. The rho mesons are vector mesons, and in this description would be described by vector fields in an extra dimension, and satisfy Maxwell's equations in the higher-dimensional spacetime.
In a convenient choice of gauge with A z = 0, components of the electromagnetic 4-vector A µ satisfy the wave equation:
where ∇ 2 3 is the three-dimensional Laplacian, z is the coordinates of the extra dimension, which exists over the region z ∈ (0, L), and c is the speed of light, which we again set to c = 1. The extra dimension here is of finite extent, so we are describing a higher-dimensional waveguide. The wave equation is separable into dependence on z and on the remaining 3+1 spacetime coordinates; the discrete tower of solutions to this equation are Kaluza-Klein modes. In particular, we can find solutions of the form A µ (x ν , z) = a µ (x)ψ(z). The wave equation separates: This was a warm-up to holographic QCD, in which the higher-dimensional spacetime has a nontrivial geometry, the prototypical example being a section of anti-de Sitter space.
B. Kaluza-Klein Modes in a Section of Anti-de Sitter Spacetime
In the anti-de Sitter spacetime there is no coordinate system in which lengths follow the Pythagorean theorem familiar from Euclidean geometry. Instead, infinitessimal intervals in anti-de Sitter space are given by,
Equivalently, anti-de Sitter space may be described by the metric
where R is the AdS scale. The factor R 2 /z 2 multiplies the metric of flat spacetime, so we say that anti-de Sitter space is conformally flat, which means that it is like Euclidean space except that infinitessimal lengths are rescaled by a position-dependent factor. Infinitessimal time differences are rescaled the same way. We can think of the factor of R 2 /z 2 as describing how lengths are rescaled as one moves along the "extra dimension" z, but the choice of z as a special coordinate is a consequence of our coordinate system and not of any one direction as being special in an absolute sense. In these coordinates a stick of coordinate-length one meter lying along the three spatial dimensions x 1 , x 2 and x 3 has four times the proper length of a stick of the same coordinate size when moved over in the extra dimension to a point with twice the value of the z-coordinate. This warping of the spacetime is depicted in Fig. 1, and the relation between the extra dimension and the length scale of interest is made explicit in an approach known as light-front holographic QCD [36, 37] . The slice of the spacetime with z = 0 is a boundary of the spacetime. To describe a discrete tower of states, we will consider Maxwell's theory in the portion of anti-de Sitter space between z = 0 and z = z 0 for some z 0 . The hard wall at z = z 0 creates a waveguide, and results in a discrete spectrum of fields analogous to the discrete tower of states of the quantum-mechanical particle in a box. The equations of motion for the electromagnetic field in anti-de Sitter space follow from the Lagrangian The AdS scale R factors out of Eq. (4.17) and subsequent analysis, so we henceforth set R = 1. Lowering indices introduces additional factors of z 2 for each index lowered, from the
This is the form of the equation of motion we will work with.
Just as in flat spacetime, the electromagnetic action and equations of motion are invariant under local transformations known as gauge transformations of the form 
In this gauge, the equation of motion for each component of A ν is independent. The KaluzaKlein modes, which would be interpreted as a tower of massive 3+1 dimensional electromagnetic fields, are solutions to Eq. (4.22) in which the z-dependence has been separated from the x µ -dependence:
Eq. (4.22) separates: The exercise above was framed in terms of electrodynamics in order to introduce some of the necessary formalism, but holographic QCD addresses the properties of hadrons arising from the strong interactions, not electrodynamics. The rho mesons are described by triplets of fields (they transform in the spin-1 representation of the SU(2) isospin symmetry), but otherwise they are similar to massive photons. In particular, they are spin-1 particles, one of which is electrically neutral. In order to describe the dynamics of rho mesons holographically, we need to choose a spacetime and a Lagrangian for the appropriate higher-dimensional fields. For simplicity we consider the same slice of anti-de Sitter space as above. One lesson from the known examples of holographic dualities is that symmetries of the lowerdimensional description of the theory become gauge invariances in the higher-dimensional description. The SU(2) isospin symmetry, which is the approximate symmetry of QCD which neglects the difference between the up and down quark masses, suggests that the holographic model should be an SU(2) gauge theory. The rho mesons would then be described by the Kaluza-Klein modes of the SU(2) gauge fields.
The linearized equations of motion for the three SU(2) gauge fields are each identical to the equations for the electromagnetic field described above, so the spectrum of masses m n determined by Eq. [6] . There is an alternative approach motivated by the AdS/CFT correspondence which makes use of the behavior of the solutions to the equations of motion near the AdS boundary at z = 0 to determine the decay constant from the correlation function of a product of isospin currents [8, 9] , but the results of these two approaches are identical. The predicted decay constant depends on z 0 and the gauge coupling. With the model parameter z 0 determined from m ρ = 770 MeV, and the gauge coupling fixed by matching to the short-distance behavior of the isospin current-current correlator [8, 9] , the result is F ρ = (330 MeV) 2 [8] , which is to be compared to the experimental value of
. This is a prediction for just one observable, but in the absence of a useful statistical measure of the success of this crude model we might just say that the agreement between the predicted and measured values of F ρ is relatively good.
The failure of the model to predict the properties of the heavier resonances is easily understood. The mass eigenvalues m 2 n determined by this model grow with resonance number n roughly like the energy eigenvalues for the nonrelativistic particle in a box:
This result is relatively generic, and in particular does not rely on the precise form of the spacetime, which we chose somewhat arbitrarily based on the spacetime of the prototypical AdS/CFT correspondence. However, the spectrum of hadrons roughly follows the Regge behavior m 2 n ∼ n. This is a problem for typical holographic models of QCD [29, 30] . However, by introducing a new scalar field, called the dilaton, into the model, the spectrum of mesons predicted by holographic QCD can be made to agree with the Regge behavior [31] . Models of this type are called soft-wall models because the spacetime does not rely on hard-wall boundary conditions in order to obtain a discrete spectrum of states. In fact, the introduction of a dilaton scalar into the model is well motivated by the AdS/CFT correspondence, in which modes of the dilaton correspond to scalar glueballs.
Another way to understand the failure of holographic QCD at high energies is to compare the model to the holographic duals that arise in string theory. In particular, in order to decouple stringy physics so that classical calculations like the one performed above are sufficient, the gauge theory described by the duality must have the analogy of an infinitely large number of colors [3] . The quarks in QCD have three colors, so stringy corrections are generally not negligible. The Regge spectrum can be understood by modeling the mesons in terms of fluctuations of a flux tube of gluons binding quarks and antiquarks, so it is not surprising that we miss that behavior without somehow modifying a simplistic model like the hard-wall model. The hard-wall model successfully reproduces low-energy hadronic observables where stringy corrections are less important, but at energies significantly higher than the rho meson mass we should not expect holographic QCD to work. Other unphysical aspects of the large-N limit of QCD that persist in holographic QCD calculations include incorrect jet structure of high-energy scattering events [32] ; and the vanishing of resonance widths, although one can self-consistently introduce resonance widths by taking into account nonvanishing couplings between the hadrons in holographic QCD.
Having understood the problem with the spectrum of heavier resonances in hard-wall holographic QCD models, we might still wonder how to generalize these models to describe hadrons besides the rho meson, where we will intend these models to describe the hadrons only at low-enough energy that stringy physics is unimportant. One approach is to include additional approximate symmetries of QCD into the model, such as the chiral symmetry that arises if the masses of the up and down quarks are neglected altogether. Due to the chiral symmetry there is an additional SU(2) gauge invariance in the resulting holographic model. An interesting aspect of QCD is that, even if the chiral symmetry were exact, the symmetry is spontaneously broken by the vacuum expectation value of an operators known as the chiral condensate. In other words, the ground state of QCD does not manifest the underlying symmetry of the theory, just as a crystal does not manifest the translation invariance of the dynamics underlying the atoms in the crystal, and the ground state of a ferromagnet at low temperatures does not respect rotation invariance. Whenever there is a spontaneously broken continuous global symmetry in a Lorentz-invariant system, Goldstone's theorem implies that there is a massless, spinless particle in the spectrum. In the case of the broken chiral symmetry the Goldstone modes are particles called pions. The chiral symmetry in QCD is only approximate, so the pions are not massless, but at around 140 MeV are significantly lighter than all of the other hadronic bound states.
In the higher-dimensional holographic model the chiral symmetry is a gauge invariance, so its breaking involves the breaking of a gauge invariance. In the Standard Model, a nonvanishing vacuum expectation value for the Higgs field is responsible for breaking of the gauge invariance of the electroweak interactions. By analogy, the models of Ref. [8, 9] include scalar field which plays the role of the chiral condensate and has a background that spontaneously breaks the gauged chiral symmetry. Those models predict not only the mass and decay constant of the rho meson, but also similar properties of the axial-vector meson (called a 1 ), and the pions. A fit of the model of Ref. [8] is reproduced in Some of the other observables that have been calculated in this and similar models include the spectrum of tensor mesons: the ratio of the f 2 mass to the rho mass is predicted to be m f 2 /m ρ = 1.59, compared with the experimental central value of 1.64 [23] ; the charge radius of the rho meson r 2 C = 0.53 fm 2 [33] ; and the gravitational radius of the rho meson r 2 C = 0.21 fm 2 [34] . In the same model, appropriate backgrounds for the higher-dimensional gauge fields can be chosen so as to correspond to nonvanishing chemical potentials, and information can be obtained about the phase structure of holographic QCD, for example the pion condensate phase at large isospin chemical potential [35] .
An independent approach to modeling hadronic physics holographically is based on the observation that the equations of motion for fields in anti-de Sitter space resemble the equations for hadronic wavefunctions in a Hamiltonian formalism known as light-front QCD [36, 37] that was mentioned earlier. In the identification between the two formalisms, the extra-dimensional coordinate z maps into a kinematical variable related to the longitudinal momentum fraction carried by partons (quarks) in the hadron and the separation between the partons. Given a particular light-front holographic QCD model, the identification of the two approaches also predicts the form of the confining potential in the light-front Hamiltonian [38] , which is required in order to precisely predict hadronic properties in that approach.
V. TOP-DOWN ADS/QCD
The hard-wall and soft-wall holographic QCD models are phenomenological bottom-up models unconstrained by the rules of string theory. They are motivated by the AdS/CFT correspondence and certain features of QCD, but they are not precise duals of QCD, nor of any known 3+1 dimensional theory. There are also top-down models based on D-brane configurations in string theory, which are are thought to be true holographic duals of theories that possess certain features of QCD, and like bottom-up models can be compared with experimentally measured hadronic observables. Like bottom-up models, top-down holographic QCD models do not precisely describe QCD, and so far they always contain additional non-QCD states that are ignored when comparing with data. Holographic QCD models are sometimes referred to as AdS/QCD models, particularly in the case of top-down models rooted in string theory.
Type IIB string theory is a 9+1 dimensional theory of relativistic strings [39] . This string theory describes closed loops of string propagating in the bulk of the 9+1 dimensions, but open strings may exist if they end on D-branes, which are dynamical manifolds that exist only in certain spacetime dimensions [25] . Type IIB string theory, which is relevant for Type IIB string theory expanded about a spacetime background of AdS 5 ×S 5 . In a particular limit of small string coupling and large N known as the supegravity limit, the AdS/CFT correspondence becomes a relation between the same gauge theory and Type IIB supergravity in the AdS 5 ×S 5 background. The dictionary between calculations on the two sides of the duality was given by Witten [40] and independently by Gubser, Klebanov and Polyakov [41] .
The key point is that, while the S 5 is a compact spacetime, the AdS 5 is noncompact, and has one dimension more than the dual gauge theory. This is why the duality is holographic.
The N =4 supersymmetric gauge theory has the property of conformal invariance, so in particular it is scale-invariant. This is different from QCD, which has a built-in scale, for example the mass of the rho meson. The conformal invariance maps into the isometries of the AdS 5 geometry, i.e. the coordinate transformations that leave the dependence of infinitesimal lengths on the coordinates invariant. In hard-wall models the boundary at z = z 0 breaks this invariance and determines the rho meson mass [42] , as we saw in the previous section.
Another difference between the N =4 theory and QCD is that, while there are fermions in the theory, there are no quarks, i.e. fields charged under the gauge invariance in precise analogy to the way quarks carry color charge. Karch and Katz [43] studied how fields analogous to quarks could be added to the AdS/CFT correspondence by introducing another type of D-brane into the model, namely D7-branes, which span seven spatial dimensions.
Strings which stretch between the D3 and D7-branes fluctuate in just such a way as to describe quark fields (in addition to bosonic "squarks"). Still, this model differs from QCD in several ways, and in particular it is lacking a description of chiral symmetry breaking, so it does not accurately describe pion physics. An approach to introducing chiral symmetry in this model was introduced in Ref. [5] , by varying the AdS background so as to allow solutions for a field charged under the chiral symmetry to obtain a nonvanishing background profile.
The top-down AdS/QCD model most similar to QCD is the D4-D8 system in Type IIA string theory introduced by Sakai and Sugimoto [6] . This model contains D4-branes wrapped on a circle, so that at distances large compared to the circle size the D4-branes appear to have three spatial dimensions. The D8-branes extend in all but one of the nine spatial dimensions of the string theory, and they intersect the D4-branes on three-dimensional intersections at points along the circle on which the D4-branes are wrapped, as in Fig. 3 .
The D8-branes are assumed to come in two stacks, one of which contains anti-D8 branes (D8-branes) which together with the D8-branes break the supersymmetry. The fermionic fields which propagate on the D4-brane circle have boundary conditions that also break the supersymmetry [44] . Like all D-branes, the D4-branes have a tension and act as a gravitational source for spacetime curvature. The consequence is that the spacetime pinches itself off at a horizon, and in their ground state the D8-branes wrap around the spacetime and connect to the D8-branes as in Fig. 3 . Strings which stretch from the D4-branes to the D8-branes give rise to chiral fermions, so the Sakai-Sugimoto model describes a gauge theory with a continuous chiral symmetry as in QCD.
Whereas originally there is a symmetry associated with separately exchanging the D8-branes among themselves and the D8-branes among themselves, if they connect then there is just an overall symmetry in exchanging the D8 and D8-branes together. This is just like chiral symmetry breaking: QCD has two independent isospin-like symmetries, one for Due to the gravitational backreaction of the D4-branes, the spacetime has a horizon and the D8-branes bend around as shown. models. Furthermore, baryons, in analogy to protons and neutrons, arise as solitons in the higher-dimensional spacetime of this model [6] , which opens new avenues of exploration.
Both bottom-up and top-down holographic QCD models have been extended in various ways, for example to include mesons with strange quarks [45] [46] [47] , and to include nonvanishing temperature and density [48, 49] . Despite the relatively poor approximation of an enhanced chiral symmetry including the strange quark, the predictions of an extension of the hard-wall model with this symmetry are surprisingly accurate, and a fit of a five-parameter model to fourteen observables is given in Table II from Ref. [47] .
VI. CONCLUSIONS
Holographic QCD successfully reproduces many qualitative features of hadronic physics.
Variations of holographic QCD models incorporate different aspects of QCD, e.g. chiral symmetry breaking in the hard-wall model, and the Regge spectrum in the soft-wall model.
The extra-dimensional nature of these models is directly responsible for a number of similarities with QCD and extensions of QCD, particularly in the limit of a large number of colors. Despite difficulties reproducing aspects of QCD at high energy, these models satisfy sum rules relating correlation functions at high energy to sums over resonances [8, 50] .
They describe vector mesons in terms of massive vector fields in a manner similar to hiddenlocal-symmetry models [51, 52] , and they explain the observed vector meson dominance in hadronic scattering [50] .
Holographic QCD models are typically accurate within 10-25% for QCD observables below around 1.5 GeV, and some of the most accurate predictions are insensitive to model details [53] . Despite their similarities to QCD and their relative success in reproducing Ref. [47] .
experimental data, so far these models have not led to dramatic new insights into confinement or other fundamental aspects of QCD, with possibly one exception: A universal prediction of holographic models is that the ratio of the shear viscosity to the entropy density of a fluid at nonvanishing temperature should have the value /4πk B [49] . (For suggestions of a holographic description of turbulence, see Ref. [54] . The universality of this result is a consequence of the generic properties of the type of black-hole spacetimes that describe the higher-dimensional models, and arguments regarding the reliability of these holographic descriptions suggest that the value /4πk B is in fact a lower bound for a large class of physical systems [49] . In QCD, a perturbative extrapolation of the same observable for the quark-gluon plasma gives an order of magnitude larger result than the estimate from holographic models [55] . Initial estimates of the viscosity-to-entropy-density ratio in the quark-gluon plasma studied at the Relativistic Heavy Ion Collider appear to agree with the
